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The  weapon  systems  analyst  Is  often  confronted  with  the  problem  of  estimating  the 
radius  of  a  mean  centered  circle  which  will  include  50%  of  the  future  rounds  from  a 
particular  weapon  under  specified  conditions.  If  the  fall  of  shot  tends  to  follow  a 
circular  normal  distribution  with  standard  deviation  o,  this  Is  usually  accomplished 
by  estimating  o  with dfrom  the  results  of  test  firings  and  then  forming  CEP  »  1.1774o‘ 
CEP,  the  parameter  estimated,  Is  the  radius  of  a  mean  centered  circle  which  includes 
50%  of  the  bivariate  probability  which,  of  course,  Is  taken  to  mean  50%  of  the  future 
rounds  from  this  weapon  under  similar  conditions.  While  CEP  Is  a  valid  point  estimate 
of  the  radius  of  the  50%  circle  (provided  o  is  a  valid  estimate  of  o).  It  does  not 
provide  the  analyst  with  any  measure  of  confidence  concerning  his  statement. 

Statements  of  confidence  concerning  the  pe:*cint  of  a  population  which  lies  within 
a  circle  of  given  radius  are  formulated  In  this  report  through  the  concept  of  statisti¬ 
cal  tolerance  limits.  The  results  will  enable  the  analyst  to  ascertain  (with  the  aid 
of  tables)  the  confidence  with  which  he  can  state  that  a  circle  of  radius  CEP  contains 
at  least  50%  of  the  population.  This  confidence  Is  shown  to  be  quite  low  (at  most  .50 
unless  one  has  complete  knowledge  about  the  population  parameter  o)  and  can  be 
increased  only  by  Increasing  the  multiplying  constant  for  <i  above  the  customary  1.1774. 


analyst  to  obtain  more  reasonable  levels  of  confidence  not  only  for  50%  of  the  pooula- 
tlon  but  also  for  75%,  90%,  95%,  and  99%. 
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The  weapon  systems  analyst  li  often  confronted  with  the  propt-m  ol' 
estimating  the  radius  of  a  naan  centered  circle  which  wilt  include.  30!'. 
of  the  future  rounds  from  a  particular  weapon  under  specified  condition*. 
If  the  fall  of  shot  tends  to  follow  s  circular  normaL  distribution  with 
standard  deviation  o,  this  la  usually  accomplished  by  estimating  o  with 

or  from  the  results  of  test  firings  and  then  forming  CGP  *  1.1774&  CEP, 
the  parameter  estimated,  is  the  radius  of  a  mean  centered  circle  which 
includes  507.  of  the  bivariate  probability  which,  of  course,  is  taken  to 
mean  507.  of  the  future  rounds  from  this  weapon  under  similar  conditions. 

While  CEP  is  e  valid  point  estimate  of  the  radius  of  the  507.  circle 

(provided  &  is  a  valid  estimate  of  a),  it  does  not  provide  the  analyst 
with  any  measure  of  confidence  concerning  his  statement. 

Statements  of  confidante  concerning  the  percent  of  a  population 
which  lies  within  a  circle  of  given  rediue  are  formulated  in  this  re¬ 
port  through  the  concept  of  statistical  tolerance  limits.  The  results 
will  enable  the  analyst  to  ascertain  (with  the  aid  of  tables)  thu  con- 

<A 

fidance  with  which  ha  can  state  that  a  circle  of  radius  CEF  contains 
at  least  507.  of  the  population.  This  confidence  ie  shown  Co  be  quite 
low  (at  most  .50  unless  one  has  complete  knowledge  about  the  population 
parameter  a)  and  can  be  increased  only  by  increasing  the  multiplying 

constant  for  fr  above  the  custouiery  1.1774.  Tables  of  such  constants 
(tolerance  limit  factors)  are  provided  which  will  enable  the  analyst  to 
obcaln  more  reasonable  levels  of  confidence  not  only  for  50V:  of  the 
population  but  also  for  757.,  90%,  95%,  and  997., 
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INTRODUCTION 


The  CEP  concept  (Circular  Probable  Ei  *or,  Circular  Error  Probable, 
Circle,  of  Equal  Probability)  ia  well  known  to  the  weapon  systems  analyst. 
Quite  briefly,  thia  parameter  ia  the  radius  of  a  mean-centered  circle 
which  includes  507.  of  tho  bivariate  probability,  or  in  terms  of  a  parti* 
cular  weapon,  it  is  the  radius  of  a  circle  within  which  50%  of  the.  rounds 
will  fall.  To  estimate  the  CEP  for  a  particular  weapon  (at  a  specified 
weapon  to  target  range),  n  rounds  are  fired  et  a  target  arbitrarily 
placed  at  the  center  of  the  Carteelen  coordinate  system.  The  results 
of  these  firings  are  simply  the  miss  distances  of  the  rounds  from  the 
target  center  in  the  x  and  y  directions,  usually  denoted  by 
n 

(VyiW  T*ia,e  n  of  roiss  distances  are  then  used  to  compute 

an  estimate  of  the  CEP,  say  cfjP,  which  la  taken  as  the  radius  of  u 
circle  within  which  50%  of  the  future  rounds  from  thia  weapon  will  fall. 

CEP  ia,  of  course,  only  a  point  estimate  of  CEP,  and  it  will  vary  from 

A 

sample  to  sample.  Aloo,  since  CEP  ia  a  continuous  random  variable,  the 

probability  that  a  circle  of  radius  CEP  will  encompass  exactly  50%  of 
tho  future  rounds  is  aero.  Hence,  if  one  wishes  to  measure  the  precision 
of  this  estimator,  it  appears  that  he  should  consider  the  probability 

A. 

that  a  circle  of  radius  CEP  will  encompass  at  least  50%  of  the  future 
rounds.  The  purpose  of  this  report  in  to  consider  this  probability  and 
show  that  for  any  finite  n  it  is  quite  low,  about  .40  to  .50.  A  pro¬ 
cedure  is  then  suggested  which  will  enable  one  to  Increase  this 
probability  (or  confidence) to  more  reasonable  levels,  say  .75,.  .90,  .95, 
or  .99.  The  suggested  procedure  involves  the  formulation  of  tolerance 
limits  for  the  Rayleigh  (or  radial  normal)  distribution  and  is  sufficiently 
general  to  be  useful  to  those  other  than  the  weapon  systems  analyst. 


RELATIONSHIP  BETWEEN  CEP  AND  a 

The  use  of  CEP  as  a  measure  of  weapon  accuracy  requires  the 
assumption  that  the  miss  distances  (X,Y)  are  distributed  according  to 
the  uncorrelated  bivariate  normal  distribution  with  mean  at.  the  origin 

2 

(target  center)  and  common  variance  a  in  both  directions.  Hence,  this 
assumption  will  be  used  throughout  this  report;  that  ia,  it  will  be. 
assumed  that  the  density  of  miss  distances  about  the  target  is  given  by 


f  (x,v) 


(2ttcZ)“1 


e-(x2+y2)/2o2, 


(1 


•“  <  x,  y<“  . 


I 


L'tlng  (1),  le  la  tuy  to  derive  tha  density  of  tha  radial  error  (or 
radial  mlaa  diatanca)  R  •  (X2  +  Y2)^  which  ia 

,(r)  -  (r/ch  *>0. 


TT.  i a  distribution  of  tha  radial  arrors  la  rafarrad  to  aa  aithar  the 
radial  normal  distribution  or  tha  Rayleigh  dictrlbution  and  la  tha 
basis  for  the  relationship  batvaan  CEP  and  a.  To  explore  th-La  further, 
consider  tha  probability  that  tha  radial  error  R  la  laae  than  t  which 
la  expressed  aa 

e  2  2 

p£r  <  t)  -  I*  g(r)  dr  -  l-a*C  /2cr  . 
o 

To  find  tha  ralatlonahlp  batvaan  CEP  and  o,  ona  merely  aolvaa 


P(R  <  CEP]  -  .50 


for  CEP  in  terms  of  o.  It  turna  out  that 


CEP  -  (-2  In  .50)1 


1.1774c 


which  is  a  wall  known  ralatlon.  Henca,  If  tha  population  varlanca  cr 
wre  known  for  a  weapon,  a  circla  or  radius  l0l774ff  ■  CEP  oontaint  507. 
of  the  bivariate  probability,  l.e.,  507.  of  the  future  round*  will  fall 

2 

In  a  circle  of  radiuc  CEP.  Unfortunately  7  and  hence  CEP  era  never 
kr/*n  and  rauat  be  estimated  from  test  firing.  Aa  aforementioned,  this 

* 

means  that  tha  aatlmatad  CE1J,  CEP,  is  a  random  variable  which  varies 
fiom  a«mpla  to  sample  and  that  for  any  particular  sample,  the  pro¬ 
bability  that  a  circle  of  radius  CEP  encompasses  exactly  507.  of  tha 
bivariate  probability  ia  saro.  However,  consider  the  question  of  how 
much  probability  or  confidence  is  afforded  with  a  sample  of  else  n  whan 
•Talking  the  atetemant  that  at  least  507.  of  th*  future  (or  population) 

rounds  will  fall  within  CEP.  Tha  answer  to  this  question  will  be 
C  fk.ctd  In  th*  next  two  sections. 
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UPPER  TOLERANCE  BOuKD  FOR  THE  RAYLEIGH  DISTRIBUTION 

Making  confidence  statement!  concerning  the  percent  of  the  popul¬ 
ation  which  lies  below  an  estimate  of  the  CEP  involves  the  concept  of  an 
upper  tolerance  bound.  In  the  acre  general  sense,  an  upper  tolerance 
bound.  U(P,v)  is  a  point  defined  such  that  at  least  100P7.  of  the 
population  lies  below  it  with  L00y7.  confidence,  (See,  for  example, 

Bovket  and  Lieberaan  (1972)  and  Proachan  (1953).)  It  is  constructed 
in  the  following  manner]  A  random  ample  of  sice  n  la  extracted  from 
the  population,  and  these  sample  values  are  used  to  compute  an  eatimate(a) 
of  the  unknown  population  parameter (a)  ;  U(P,y),  la  then  formulated  as 
a  function  of  the  eatlmate(a).  For  the  caae  at  hand  where  one  ia 
sampling  from  the  bivariate  normal  distribution  with  common  variance, 
there  ia  only  one  unknown  parameter,  namely  cr,  and  the  upper  tolerance 
bound  will  be  formulated  as  a  function  of  the  estimate  of  this  para¬ 
meter.  Hence,  to  explore  an  upper  tolerance  bound  in  this  case  will 
first  require  an  appropriate  estimator  for  a. 

Various  estimators  for  a  are  available,  and  these  are  discussed 
In  detail  by  Moranda  (1959).  One  of  the  estimators  discussed  by  Moranda 
ia  the  maximum  likelihood  estimator  which  is  the  form 


a  -  +  V^)/2n)%  (6) 

fctl 

where  X.  and  are  random  variables  designating  the  i  miss  distance 
in  the  X  and  y  directions,  respectively,  It  is  easily  shown  that  this 
estimator  is  sufficient  for  c  so  the  upper  tolerance  bound  should  be  of 
the  form  U(P,y)  ■  k(Pty,n)&,  The  constant  k(P,v»n)  (tolerance  limit 
factor)  is  to  be  determined  such  that  one  is  100y%  confident  that  at 
least  100P%  of  the  population  lies  below  U(P,v).  Deleting  the  arguments 
for  notational  simplicity,  k(P,Y,n)  ia  sought  such  that 

k&  i  2 

P{J'  ( th Z)  o"r  dr  *  P]  -  y-  (7) 

o 


Straightforward  manipulations  of  (7)  loads  to 


Pf&2  a  [-2c2  In  U-P)]/kZ}  -  Y.  (8) 
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Recalling  the  form  of  &  in  (6),  it  is  easily  shown  Chat  the  density  of 
W  -  &*■  is  given  by 


h(w) 


[ (a2/n)nr (n)]-1  wn-1e-nw/o  '  w  >  0 


(9) 


where 


T  (n)  -  J  x1'”1  e"x  dx  . 


(10) 


Hence,  equation  (8)  can  be  written  as 


v 

J  h(w)  dw  ■  1  -  y 
o 


(ID 


2  2 

where  v  «  [-2 a  In  (l-P)]/k  and  h(w)  is  given  in  (9).  It  appears  from 
(11)  above  that  k  is  a  function  of  the  unknown  parameter  o.  However,  a 
simple  transformation  reveals  that  it  is  not.  Letting 

2 

z  ■  w /a  in  (11),  one  obtains 

vr  - 

J'  nn/r(n)  sn_1  e"*nz  dz  ■  1  -  y  (12) 

o 


where  v ‘  ■  [-2  In  (l-P)]/k^.  Hence,  the  tolerance  limit  factor  k  is  a 
function  only  of  P,y  and  n.  Thus  tabular  values  of  k  as  a  function  of 
these  quantities  will  enable  one  to  make  exact  tolerance  statements  con¬ 
cerning  the  Rayleigh  distribution,  Before  discussing  the  computation, 
tabulation  and  use  of  such  values  of  k,  it  will  be  instructive  to  answer 
the  quostion  posed  at  the  end  of  the  last  section,  namely,  how  much  con¬ 
fidence  is  afforded  with  a  sample  of  size  n  when  making  the  e tenement  that 
at  least  807.  of  the  population  lies  within  a  circle  of  radius  CEP. 
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CONFIDENCE  AFFORDED  UP INC  k  -  1.1774  FOR  P  ■  .50 


Equation  (12)  in  the  last  section  vat  developed  Co  evaluate  k  for 
specified  value*  of  P ,  y  and  n.  le  can  a.*o  be  used  to  t.valuate  y  f.--r 
any  P,  k,  and  n.  Consider  now  using  it  In  Che  latter  sense  to  answer 
the  question  posed  at  the  and  of  the  lstt  two  sections*  Assuming  that 
a  is  estimated  by  the  method  of  maximum  likelihood,  that  is,  that  &  has 
the  form  in  (6),  then  tho  maximum  likelihood  estimator  for  CEP  would  be 

simply  CEP  -  L,L774d.  The  confidence  afforded  using  s  CEP  estimate  of 

In 

this  form  can  bs  ascertained  by  uaing  k  -  (-2  in  .50)^  (*1,1774  to  five 
significant  digits)  and  P  ■  ,50  In  equation  (12)  snd  solving  for  y  for 
various  value*  of  n.  One  notes  first  that  using  this  value  of  k,  the 
upper  limit  of  the  Integral  In  (12)  is  equal  to  one.  Hence,  the  confi¬ 
dence,  Vi  can  bo  ascertained  by  solving 

1 

j  nn/F (n)  a"-1  e"u*  dt  ■  1  *  y  (13) 

o 


for  v 

Equation  (13)  wau  aolved  numerically  for  y  for  n  ■  2(1)25(5)100 
(10)200 (50)300 (100)1000 The  reeulte  are  set  out  in  Table  1  and 
reveal  some  interesting  *«cults.  First,  the  confidence  with  which  a 

A. 

circle  of  radius  CEP  contains  at  least  507.  of  the  population  lies  be* 
tween  .4060  and  .4)58  for  ail  n  between  2  and  1000.  With  n  ■  «,  that 
Is,  when  the  paremotor  a  is  known  exactly,  the  confidence  Is  one.  The 
reason  for  this  ia  quits  clear  if  one  examines  the  integrand  in  (13). 

It  is  recognisable  as  a  gamma  density  with  a  mean  of  one  and  variance 
l/n.  Hence,  one  is  always  integrating  up  to  the  mean.  For  small  n, 
this  distribution  Is  skewed  to  ths  right,  but  a*  n  increase*,  it  become* 
•ymetrlcaL  about  the  mean  so  that  the  integral  from  zero  to  one  approaches 
.50.  For  n  m  •»,  the  variance  of  this  gaums  density  is  zero,  that  is,  the 
entire  density  1*  concentrated  at  Che  mean  which  is  one.  Hence,  the 
Integral  from  aero  to  one  is  euro  which  results  in  a  gamraaA equal  to 
1.0000,  This  all  means  thst  In  estimating  the  CEP  with  CEP  •  1.1774$, 
the  statement  that  at  least  507.  of  the  population  lies  within  a  circle 

of  radLus  CEP  can  be  made  with  confidence  between  ,4060  and  .5000 
unless  one  ha*  complete  knowledge  about  the  population  parameter  0. 

To  increase  this  confidence  to  a  more  reasonable  level,  say  .75  and 
above,  one  must  increase  the  factor  k  above  the  customary  1.1774. 


Tibia  1 

CONFIDENCE  AFFORDED  USING  k  ■  1.1774  FOR  P  ■  .30 


_n 

Y 

n 

V 

7*“". 

2 

.4060 

60 

.4828 

3 

.4232 

65 

.4835 

4 

.4335 

70 

.4841 

5 

.4405 

75 

.4846 

6 

.4457 

80 

.4851 

7 

.4497 

85 

.4856 

8 

.4530 

90 

.4860 

9 

.4557 

95 

.4864 

10 

.4579 

100 

.4867 

11 

.4599 

no 

.4873 

12 

.4616 

120 

.4879 

13 

.4631 

130 

.4883 

14 

.4644 

140 

•  488B 

15 

.4657 

150 

.4891 

16 

.4667 

160 

.4895 

17 

.4677 

170 

.4898 

18 

.4686 

180 

.4901 

19 

.4695 

190 

.4904 

20 

.4703 

.200 

.4906 

21 

.4710 

250 

.4916 

22 

.4716 

300 

.4923 

23 

.4723 

400 

.4934 

24 

.4728 

500 

.4941 

25 

.4734 

600 

.4946 

30 

.4757 

700 

.4950 

35 

.4775 

800 

.4953 

40 

.4790 

900 

.4956 

45 

.4802 

1000 

.4953 

50 

.4812 

w 

1.0000 

55 

.4821 

II 

I  ■ 

In  order  to  obtain  a  let  of  tolerance  limit  factor!  for  P  ■  ,50 
and  other  reasonable  values  of  P,  equation  (12)  waa  solved  for  k  for 
P  -  .50,  .75,  .90,  .95,  .99;  y  -  .75,  .90,  ,95,  .99;  and  n  •  2(1)25(5) 

100 (10)200 (50)300(100)1000,*.  the  solutions  were  obtained  using 
Simpson's  integration  rule  and  successive  binary  cute  beginning  with 
an  appropriate  starting  value  for  the  upper  limit  v'.  The  computations 
wars  performed  on  the  CDC  6700  at  the  Naval  Weapons  Laboratory,  Toler- 
annas  wars  sot  to  provide  sn  accuracy  In  fc  of  four  decimal  digits;  the 
values  of  k  ars  set  out  in  Table  2  for  the  above  listed  values  of  P,  y, 
and  n. 

As  an  example  of  using  this  table,  suppose  ten  rounds  ate  fired 
at  a  target  to  obtain  the  radius  of  a  circle  about  the  target  center 
which  will  include  at  least  507,  of  the  future  rounds  (under  aim  Liar  con¬ 
ditions)  from  this  weapon  with  957.  confidence.  The  mias  distances  from 
the  target  in  the  x  (cross  range)  and  y  (range)  directions  are  shown 
below.  All  measurements  are  in  feet. 


X 

JL. 

54,7 

87.8 

-20.1 

-178.1 

-37.3 

-5.6 

-136,3 

-214.1 

-8,1 

-23,4 

95.8 

97.5 

91.8 

-79,1 

116.3 

-52,8 

-144.5 

94,6 

75.9 

167.3 

2  2 

It  can  be  verified  that  ^2^  (x^  +  )  •  222537.fi  and,  hence,  that  ; 

I 

I 

i 

i 


This  caii  be  done  by  fixing  y  In  (12)  to  the  desired  tjniidi  net.  Bet¬ 
ting  P  *  ,30  and  solving  for  k  for  selected  values  of  n*  of  course, 
equation  (12)  is  valid  for  general  P  (vice  P  ■  ,50)  which  upon  solving 
for  k  would  enable  one  to  find  the  radius  of  a  circle  wMch  would  .. 
include  at  laaat  100PX  of  the  population  with  100/7.  confidence. 

Such  tabular  values  of  k  f»r  selected  values  of  P,  /,  «nd  n  are  pro¬ 
vided  in  the  next  section. 


I  if ;  ill  i  m.'iW*]  Jmmjm  iMastiiiiwMM 


7 


1 


CM 

J3 

•8 

H 


S 

5- 


g 


w* 

on 


8 


8 


•»  >4 


«M  « 
IN  N 


CM 

*n 

o 

pH 

PM 

r% 

88 

<n 

r-* 

n 

8 

<N 

rs 

3 

•H 

G 

* 

O' 

r* 

00 

1/1 

On 

m 

h» 

P* 

CM 

pH 

O' 

«n 

O' 

pH 

s 

00 

v£ 

8 

ON 

m 

cn 

00 

pH 

8 

h 

ON 

8 

3 

ON 

N 

m 

eM 

p 

NO 

3 

n 

NO 

rH 

SO 

On 

tft 

i> 

in 

33 

cn 

m 

pH 

IA 

8 

O' 

St 

-0 

•0 

•0 

«0 

cn 

cn 

cn 

PO 

cn 

co 

<n 

CN 

cn 

cn 

CN 

cn 

cn 

cn 

cn 

cn 

cn 

cn 

8 

m 

s 

«M 

m 

a 

8 

m 

pn 

Sv 

* 

a 

<N 

H) 

ON 

m 

pH 

cn 

NO 

fi 

8 

rM 

CM 

o 

8 

3 

3  3 

s 

8 

n. 

r» 

w 

CM 

8 

in 

pH 

s 

8 

I 

s 

K 

<r 

m 

ON 

in 

ON 

«H 

O' 

8 

8 

3 

I 

33 

3 

3 

rl 

*n 

<n 

cn 

cn 

0? 

cn 

n 

n 

cn 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

eM 

pi 

CM 

CM 

2* 

NO 

a 

Oi 

i-4 

N 

p4 

6© 

-t 

cn 

N 

>0 

CO 

P* 

00 

pH 

mC 

CM 

r* 

oo 

On 

8 

J5 

S 

1 

NO 

r> 

CO 

CM 

rH 

«0 

CM 

NO 

IN 

e 

CM 

r» 

! 

s 

NO 

pH 

3 

S3 

NO  IN 

CM 

N 

NC| 

8 

tn 

CM 

X 

pi 

M 

in 

a 

m 

§ 

N 

Ov 

* 

1 

9s 

N 

pH 

r* 

si 

<n 

cn 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

PM 

N 

CM 

p*T 

CM 

CM 

CM 

CM 

CM 

*M 

CM 

CM 

CM 

CM 

«H 

CM 

h* 

8 

3 

i 

CN 

m 

pH 

fN 

a 

OO 

■H 

3 

*■ 

o 

ON 

Q 

ON 

CM 

8 

O' 

cn 

in 

m 

CO 

N 

N 

O 

pH 

O' 

Ph 

CM 

m 

8 

O' 

PM 

cn 

CM 

oo 

pH 

s 

pH 

pH 

1 

S3S 

8 

» 

00 

ON 

PP 

9 

8 

S 

O' 

* 

m 

O' 

OV 

PM 

O' 

pH 

O' 

nPiflN 
IN  N  MA 

»  r*-  m  'if'  i 

cp  so  oo  eo  • 


nNNNNNNMNNNNNNHHHHHHHHHHH»<HJrl 

NN*-}cdninNrt>ni-OHNiA«HinoinOifli))3nj’ri 
.jooeo<MN«fr-"iajr*.i/>iNfcncM  HO*««hhoSiAiniNHQoi 
(N»fsiox3ininiA»f<f<f'JkT^  ^JniArtnnnrtncfinnriH 


<s 


ui 


o«»  hic«  so  co  4«tAee«rANOea< 

NNOlrtl«*^N»hO'(A»MaifllO 
AP^fi*iOHOinNOcgMA4nNHwv...>«>-.M'irnW>, 
piffC0w«iflin«J4sfNfflinM5SnM(AninNNNNrJfjNN-i 

•  »  •  •  *»♦«•••  I  ■  »  •  I  •  »  •  •••  •  «  «  «  •  •  • 

^wrmrinnnrtnnriwAnflnnflnnnrtnnnni'inn 


,*  N  NO  00 

»S3k 

N  W  N  N 


«NIAK 

sSss 

CM  CM  CM 


8 


■ANiARd  Nn 

'  *  VD  in  UN  V£> 

on  co  pm  vo  m  *n  sf  <n  cn 

roflPinnc'incnn 


ooonncoetHNioiBnto 
Sirnnpunw-JoiTMinin 


cn  c*i  W  «0  r-l  r-t  O  .  - 
iA»iA«J{ni)rsNH^ci 

SNC»-tlAH»'BrfNO 
eo»ovDiriin<t-?'d-«3-<f 

rtf'iNNNNNNNNNfMNNNWNNCSNNiMNNA.NNfJPI 


Nrvi»tHifficoi>iay3 

cnnnmNNNNN 


in 


^9P3«tfO'fif-O^vo<fW'OOcsiffiOmo»PM»0NOih.,  cntn 

gSijmfcinM^aBim  nci  rAeoiN-iHirtgQflvSwNioinin 
3'-<o3ON9NOi0N‘8eocOeoceoBedeOooaoooooa5caNr»>NNNNl'-- 


NNNNHHHiJpIHHi- f  H  i-M  r"t  M  pM  i-M 


w  r«  #  inn  (0 

CO  rM  CO  £  »M  ■ 

on  m  n  fn  ©  oo 


nm^OQOnnicm^ecvMnrNMN 

ooiONinwna-aoongMnN 
SnnNHOoai«o«»#t*NN 
m  m  <n  m  en  n  <n  n  «  n  n  n  cm  ■ 


on  esi  h  m 
o  J  s*  eg 

CM  CM  CM  CM  CM  3  N 


s 


csw«tftnNOf^co<JNOM(>qrtsf'ir»'Or»i« 


O - 

CM  (N« 


MSQSS 


o  in  o  in  g 


cm  cm  cn  en  <f  *<j- 


1 


en  n 


cm  cm  «M 


O^NCO 

to  «  — I  LT| 
NMHO 
00  80  SO  00 


80>JNWigriiiS»HlOlfl\O«O 

«MaH©®tQori»a0i/sirt«^rscM»M 

- 


CM  M  CM  CM 


(N  N  W  rt  N  N 


nnflitwrtnnflrtpwnnnnnndnnftrtnrtnnwflwi'i 


NQl*t8»ONQttQ40lA880 

ssssiassssisastl 

Bv84Btf«4\SC<OvC«^uilAU1 

nnnnnmnnnmnnnnnnnnnnnnnnnmnnmn 


BOjNlM\04m« 

_  _  lflN»«NN#On 


sis 

8  53 


mri»^«inQO4NSN^iAQffiN«BdoMtoNQinpe40. 

nnsf  n  ©  -0  ©  v"  •••  kin  h  ns  ©  \*  •*  k  .*  a-  ©  t>*  n  «  3  «s  3  pi  ©  5 

OOnnnOdONNNNNNNNNNNNNNNNNWHHpl^ 


NNNU\ 
irtNNin 

ffieons. 

1  ri  n  n  n  .  n  nNNNNNrMnriiNniNrfnirjnnpi^nnn 

•  «tlt44«*l>4lktll»laill«**tV 

<i^nnnnnnimnnnninnnnnmnnnnimnnnn 


f(  Q  iO  N  ^  <s 

irv  ©  in  fH  SO  uo  cm 


o«  to  r*>  cm 

CTtejtoo»a5r.r^vei*tA(nin  _ 

f*.  t«»  r*  r>«  r*»  r>»  c^  t»»  h*  ^  ft  ft  n 


^  M  O  ^  4  VO  H  N  O  tO  ft  (—1 
ANiOtOS's^OtfnHSiin 
«}  tf  4MN  NHM  OO  008 

*  *  ■  "  ‘  ■  ■  r«.  r»  r»  r-  >£> 


ft  ps  It  S  Pt  ft 


44r4Hrlrtrtr444H  M  rt  H  ri  r- I  H  a— I  c 

0|BHStnOOH<onMteinNNOQNiOOttOQN^NBa(N»4 

»  *>  w  r»  pt  B  to  tB^iniflifl^vtjttnrntO'iNNHWO  OO  O  Oh 
CM  CM  CM  CM  N  h  hlNhl«NMPJNN!SNNNNMNrtNNWNNNrf 


§H«h(M«r»OMOONOnt?<fftNN^i18MsHtsor»po 

M3»-46'«flNC0ioaiflrtptn6®inrt'JN«p«S«04S» 
oOr«o3inin«/i»*^5cnc*,»(MoJcM^iH»ci-fO*Sooi*.r*r>-5 

flnfirtciflwnnnnmnnrtnnnrtrtnrunnflnnnn 


•Oc^tfl»^<-<‘«cMCMiAO'or«' 

w  Ifl®  J  NflJ  lC|N0»  It  N  » 

inini/suotni/ivSinuiutu's 


coc,1>'OCMQOi-t-jvovotp,ngt»pmht 

CS  H  HHkJpJHQCOOCOCpP^hiNSrf 


tl  Vi  ST  Sf 

MNCMNNCMCNnNNNNNNNNNNNWNNCMNNCMNCMMP) 


AnOttO<fhtOOk>o 


iri'jO'Oion-jfWctNnjiOrtOBoHin 

«J  #4  H  In  4>C  W  «  <t  OtO^rPO'fljclpI  _ _ _ , 

i/>t»>3,»S‘r,ic<Sc*tcMNCMfMHtH»^OOOOO&dK00  00r-htr~l,Hf^\0^ 

NNNNNNCMNNNNN«CSNNNNNMWHH*lrfFlH^MH 
•  a  a  a  a  ■  a  *  »  a  a  a  a  aa  a  a  a  a  a  a  a  a  a  a  a  a  a  a  a 

CMCMCMCMCMCNCMCMCMCNCMCMCStMCMCMeMCMCMCMCMCMCMCMCMCMeMCMCMN 


po<fmooi-ito>}»}ao<oooNff'oapn5iciNM^pc<»N(BOin<oc,iH 
osirta-coOvccna-<Sar.  «ricNOr«>in5cMO®»h«M*ad-p4ogi»in»t«n<n 
a»«t>CM<in(*)flNNhlNNHa-iplp4a4O5Od»flKffij0»tf#«da5 


hhhhhhhhK  fNhsp>ptr*tOvOtOtCv£)tOtpaO>6 


...■aint©otcn^vos» 

,  ^a-l8t|Sin«thlHO 
conriNCSNNN 
CMCM<slcMCMCM*MtM 


tOCMClhnOOMOOtHCOtfOBHPOOnfl 
HOootOstnMO^BNNnHainrfhJHHON 
NNHHaaaJaJplOOOOOS9'9f8aOl8lOh 
NNN^NNNtMNnllNMNCMHaaa^i-IMf^aJH 

■  ■(•lllllki  l  I  I  I  4  IMS 


38 


rlfftBOrta* 


moutoiog 
-  -  -  h.  65 


m  o  ici 

CO  Ch  OS 


o  o  o  o 

H  Nrt  alt 
a-«  M  r-i  i-l 


p  ©  ©  ©  o 

in  ao  h*  eo  os 

H  a-^  iH  I— t  i-a 


ggg 

r»j  r4  m 


ss 

KD  h- 


Table  2  (continued) 

LIMIT  FACTORS  FOR  TEE  RAYLEIGH  DENSITY 
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&  •  105.4841 


and 


CEP-  1.1774a  -  124.1970  . 


From  TabU  1,  It  la  aeon  that  ona  la  only  467.  confidant  that  a  circle 

of  radlua  CEP  -  124.1970  will  include  at  laaat  507.  of  tha  round  a  from 
thta  weapon  under  aimilar  condltlona.  To  incraaae  the  confidence  to 
95%  aa  apeclfled,  one  refara  to  Table, 2  under  P  -  .50,  v  "  *93  and 
n  -10  to  find  the  tolerance  limit  factor  k  -  1.5985  (vice  1.1774), 
Thia  la  than  multiplied  time*  cr  to  obtain  U(.50,  .95)  -  k(.50,  .95, 
10)  &  -  (1.5985)  (105.4841)  ■  168,6163*  Hence,  a  circle  of  radlua 
168.6  feet  will  Include  at  leaat  307.  of  the  future  rounds  from  t-h it 
weapon  under  aimilar  condltlona  with  957,  confidence.  Should  one 
want  the  radlua  of  a  circle  which  will  Include  at  leaat  90%  of  Che 
rounds  from  thia  weapon  (vice  50%)  under  aimilar  condltlona  with  95% 
confidence  he  simply  refers  to  Table  2  under  P  •  .90,  v  ■  .95,  and 
n  -  10  to  find  the  tolerance  limit  factor  k  (.90,  .95,  10)  «  2.9134. 
Thia  la  then  multiplied  times  a  to  obtain  U(*90,  .95)  -  307.3174. 

Tha  ten  hit  polnta  and  the  above  three  circles  are  Illustrated  In 
Figure  1. 


The  tablaa  contained  In  this  report  provide  the  weapon  aya terns 
analyst  (and  others  who  work  with  Rayleigh  data)  with  valuable  tools 
for  (1)  ascertaining  the  confidence  with  which  tha  cua tomary  CEP  state¬ 
ments  are  made  and  for  (2)  increasing  the  confidence  through  tolerance 
limit  factors  for  at  leaat  75,  90,  95,  and  99  percent  of  the  population 
aa  well  aa  50%. 
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